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Abstract 

We derive a first order formalism for solving the scattering of point sources in (2+1) 
gravity with negative cosmological constant. We show that their physical motion can 
be mapped, with a polydromic coordinate transformation, to a trivial motion, in such 
a way that the point sources move as time-like geodesies ( in the case of particles ) 
or as space-like geodesies ( in the case of BTZ black holes ) of a three-dimensional 
hypersurface immersed in a four-dimensional Minkowskian space-time, and that the 
two-body dynamics is solved by two invariant masses, whose difference is simply related 
to the total angular momentum of the system. 



1 Introduction 



In this article we would like to study the problem of treating the interaction between particles 
and AdS gravity, generalizing our previous investigation in (2+1) gravity and its supergravity 
extension, which has also been considered by many other authors 0|"|0"I0I~I@1~E1"@"0" 



P|-|H|-pO|- The problem from a dynamical point of view is quite difficult, because the 
introduction of an explicit scale parameter ( the cosmological constant ) in the theory induces 
a static Newtonian force between point sources, whose absence was one of the main features 
that led to the solution of the two body problem in (2 + 1) gravity. Nevertheless one has to 
expect surprising simplifications in the dynamics, since the Lagrangian of AdS gravity splits 
in two Chern-Simons theories, as Witten has shown in ref. [[J. 

Our aim is to clarify in what sense the interaction given by AdS gravity can be considered 
integrable. First of all, we have asked ourself if the general scheme for solving (2 + 1) 
gravity, described in 0-0, can be generalized in a continuous way to the case of negative 
cosmological constant ( hereafter indicated by its modulus A ). Our proposal is that it is still 
possible to reduce the solution of the equations of motion to the knowledge of a polydromic 
mapping X A = X A (x a ), and that it exists a generalized Minkowskian system where the 
motion of the interacting particles is almost free, apart from the property that they are 
constrained to move on a hypersurface, instead of moving freely in a plane. The price to pay 
is that we have to introduce this polydromic mapping as an immersion in four dimensions 
with a quadratic constraint between the coordinates: 



ds 2 = dX A dX B VAB X A X B VAB = (X°f + (X 1 ) 2 - (X 3 ) 2 - (X 4 ) 2 = i (1.1) 

Due to this constraint, the general allowed polydromy is reduced to the Lorenz subgroup 
50(2,2) 

J B 

which has the same number of generators of IS0(2, 1) 



X A -> L A X B (1.2) 



This procedure is not new, because it has already been discussed in several contexts, for 
example to introduce the BTZ black hole in (2 + 1) dimensions ||TT|-||12[. Our proposal is to 



unify several partial results in a unitary program, analogously to what has been successfully 
done in the case of (2 + 1) gravity with point sources ||. This investigation should shed 
also light on the scattering of BTZ black holes, which can contain some important features 
in common with the four dimensional case, and could open new issues for the quantum case 

rj. 



i 



2 Examples of polydromic mappings in AdS- gravity 



In general, the conical cuts of the particles in (2 + 1) gravity , firstly defined in [fij, must be 
substituted by similar cuts related to the group 50(2, 2) instead of IS0{2, 1), and therefore 
the translation of the center of rotation must also be represented with a boost of 50(2,2). 
While the general case will be postponed to the next section, we are going to show explicit 
examples of polydromic mappings for static bodies, and in that case the polydromy can still 
be reduced to a rotation. 

Let us start with the metric of a single body, which is given in the radial gauge as : 

ds 2 = ((1 - /i) 2 + Ar 2 )dt 2 ^ r 2 d9 2 . (2.1) 

VV W ; (l-/i) 2 + Ar 2 V ; 

This can be expressed as a polydromic mapping 



X 1 = X^ + iX 1 = -L/1+ ^ - e^ 1 -^ 

X z = X 2 + tX 3 = 4- r (2-2) 

(!- N 



of the flat metric (|1.1|) that respects the quadratic constraint, where the polydromy is a pure 
rotation 



X z _^ e -^ X z . (2.3) 

The equation of motion for the particle source in the X a coordinates is described by the 
parametric equation 

X 2 = X 3 = X° = -^cos(VXs) X 1 = -^=sin(yf\s), (2.4) 

VA VA 



and by definition it corresponds to a time-like geodesies: 



dX°Y (dX A , 

+ -J" = 1 > • (2- 5 ) 



ds J \ ds 

As a second example let us consider the metric of a spinning particle 

ds 2 = dt 2 ((l - of + Ar 2 ) + Jdtde - r 2 d9 2 =- (2.6) 

(l-/i) 2 + Ar 2 + i& 



which can be obtained by the following mapping 



1 r 2 


+ r 2 


r\ 




1 r 2 


+ f 2 



where the two roots r± are defined as 



2 i 2 (1 A*) 2 2 J 2 m o\ 

r + + r_ = r,r_ = — . (2.8) 



A + " 4A 

This metric realizes the elliptic monodromy 



X z ^ e 2iirVXr+ X z_ ^ 

We characterize with the word elliptic monodromy every monodromy which can be re- 
duced by a similitude transformation to a pure rotation. In this way we distinguish it from 
a BTZ black hole, which we can call an hyperbolic monodromy, since it can reduced by a 
similitude transformation to a pure boost. It is useful then to remember how the BTZ black 
hole has been introduced in refs. |PJ| -||12|. In the general case of the spinning black hole 
metric, where the line element is given by 

dv^ 

ds 2 = (Ar 2 - M 2 )dt 2 + JdtdO - r 2 d8 2 =-, (2.10) 

Ar 2 — M 2 + ^ 

the X A - mapping can be written in terms of two radii r±: 




'> = -^\/'-\/l-^ (2-H) 



as follows: 



ly 2 ry 2 



r>r + X ±X 2 = * /I^L^tf) 

VA y r\ - rt 

1 / ry 2 />-i2 

^i±^3 = ±4=1 V4e ±W) 



r_<r<r 4 . X n ± X 2 = ^Jl_^ e ±eW>) 

A V ri - rt 



/y 2 /yt 2 



Xi±X 3 = 4= A Vre ±TM 



^•2 2 



0<r<r_ X n ±X 2 = ±-==4/ n ' e ±e ^ 



A V rl — r 2 



^ 2 /y, 2 



X X ±X3 = 'JLt—L-e&M (2.12) 



A V ri — r 2 



where the following functions are defined, as in ref. |L2 



T(t,9) = Ar + t - y/Xr-0 = Un ± ^ (fl(r + - r) - 0(r - r + )) 
9(t,0) = x/Ar+fl - Ar_t = Ifn ± ^ (0(r - r_) - 9(r_ - r))j . (2.13) 

This metric realizes the hyperbolic monodromy: 

X°±X 2 -> e ±WXr +(X ±X 2 ) 

X^X 3 -> e T27rVXr -(X 1 ±X 3 ). (2.14) 
In the simpler case J = 0, the X^-mapping reduces to 



X°±X 2 = — e ±9M X 1 ±X 3 = ±^= IJ^-l\e ± ^ Xm (2.15) 
in the region external to the black hole (r > 77^), while 



X° ± X 2 = —e ±eM X 1 ± X 3 = -L f W 1 - ^ ) e ±v/SA/4 (2.16) 
M \/A I V M 2 ' 



in the internal region. 

Here the equation of motion for the source in the X a -coordinates is described by the 
parametric equation 

X° = X 2 = X 1 = -=ch(VAs) X 3 = -= 8 h(VLi) (2.17) 

a/A \/A 



and by definition it corresponds to a space-like geodesies: 

-1<0. (2.18) 



rfx^y _ /rfx 3 " 2 



To verify the notion that point sources move freely in the Minkowskian coordinate system 
X A as geodesies of the ( |1 . 1|) hypersurface, we are going to derive again a known result, the 
determination of the geodesies around the spinning black hole [13 1, making a bridge between 
our first order formalism, which is different from what physicists call first order or dreibein 
formalism ( see for example ref. [15|]), and the standard method based on integrating the 
geodesic equations. 

From the X A -mapping ( |2.12| )-( |2TT3| ) it is easy to read directly the solution to the geodesic 
equations: 

r 2 (r) = r! + A(r 2 -r!)[(X°) 2 -(X 2 ) 2 ](r) 
= r + Q(r)+r_T(T) 
y/X[r\ - r 2 ) 

t(r) = A(r 2_ r2) • (2-19) 

We simply need to complete eq. Q2.19p with the general parameterization describing the mo- 
tion of a test body X A = X a {t) on the X A X A = 1/A hypersurface and satisfying 

X a (t) = -AmX A (r), (2.20) 

where m = X A X A = 1, 0, —1 for time-like, null and space-like geodesies. 
A general parameterization of a geodesic is given by : 

X a (t) = c a cos(VXt) + c A sm(v / Ar) if m = 1 
= c A + cfy/Xr if m = 

= c A cosh(VAr) + c^sinhiVAr) if m = -1, (2.21) 

where the vectors (c A ,c A ), constants of motion, have to satisfy : 

CqCoa = -r c A c 1A = c A c 1A = j. (2.22) 

By using the rescaled variables 

/ A , VA 



— , , , r± 9' = M6 t' = y/AMt 

M M 



neglecting the primes from now on, we can compare these total integrals ( eqs. ( [2.19] ) and 
( p.21 ) ) with the first-integrals found in ref. [14| : 



— = -m(r 2 - 1 H -) + E — L + 



\dr J ' 4r 2 r 2 
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dO (r 2 - l)L + \JE 

dr (r 2 — r\){r 2 — r 2 ) 

df £r 2 - \JL 

dr (r 2 — r 2 _)(r 2 — r 2 ) 



(2.24) 



From eq. ( 2.20 ) we notice that each of the following six combinations P AB = A(X A X B — 
X B X A ) ( dot means -£j which has been relabelled 4- after eq. (|2.23|) ) represents a constant 
of motion along a geodesies. Between them only two are globally defined, i.e. they are 
invariant under the intrinsic polydromies of the ^^-coordinates, and correspond to 



p20 
pl3 



A(X 2 X° - X°X 2 ) = A(c° cl - c?c 2 ) 
Ap^X 3 - A^X 1 ) = A{c 3 c\ - c 3 c ) 



VT^J 2 
1 



Lr + - 

1 JE 
2~ 



1 JE\ 
2~) 

- Lr„ 



Vi^J 2 

where L is the angular momentum and E is the energy as defined in fl"4| . 

By developing eqs. (|2.19) and (2.21) one arrives at the following complete integrals*: 



(2.25) 



r 2 (r) 

A 
C 
F± 



' \{A + C sin2(r-T )] if 

a(t - r y 



B 

A 



m 



if m = and A^O 

2\[B{t -t ) if m = 0, A = and B ^ 

cost. if m = 0, A = B = 

\[-A + C cosh2(r - r )] if m = -1 



E 1 



L +m 



B = L 



JEL - -mJ 2 
4 



vM 2 + 4mE = \/F± 2 + 4mG^ 



L 2 + m(l - 2r 



,/L 

2rl 



(2.26) 



9{t) 
t(r) 
0(r) 



r+0(r) + r_T(r) 

,^-•2 ,^2 

r_0(r) +r + T(r) 



^-*2 2 



— In 
2 



K + cl)Ur) + {c\ + cl)Ur) 
M-c 2 )fL(r) + (cl-c 2 )Ur) 



(9{r — r_) — #(r_ — r)) 



— 
2 



(r 2 



2G 2 + Fir 2 - r 2 ) + 2G^\ G 2 _ + F(r 



r ,2 _y 



"In the rescaled variables r+ = -k= \/ 1 ± V 1 — J 2 

V2 



©0 



6 



T(r) 



-In 



(cl + c 3 o)fL(r) + (c\ + cl)f m (r) 
(4 ~ 4)f'Jj) + (c\ - c\)Ut) 



{ e{ r+ -T{r))-e{T{r)-T + )) 



In 



(r 2 — ri 



2G\ + F + {r 2 - r\) + 2G + \ / G\ + F + {r 2 - r\) - m{r 2 - r 



2 _ r 2\ 2 



+ T , 



(2.27) 



where f m {r) = (sm(r), r, sh(r)) if m = (1, 0, —1), and use has been made of the formulas 
given in the Appendix. 

Therefore this method reproduces all the previous results [111], and, in our opinion, is 



more flexible to be generalized to the iV-body problem, discussed also in ref. [16 



3 N body -problem 

Now we are going to define the integrability of a system of N point sources interacting with 
AdS gravity, as a completely non-interacting system in the Minkowskian X^-coordinates, 
apart from the fact that their motion has to respect the constraint X A X^ = i. We have just 
shown that, at least for the one body case, the effect of a point source, particle or BTZ black 
hole, is to eliminate a portion of the hypersurface, while a test particle moves as a geodesic 
of it. In the interacting case we can suppose that each moving point source carries its deficit 
angle and that it doesn't scatter until it reaches the extremity of the cut of another one. 
Therefore we expect that their scattering is again topological, i.e. it can be reduced to a 
composition of 5*0(2, 2) cuts. In this section we will show how to use this global information 
in the context of the Minkowskian four- dimensional space-time X A . 

Let us first consider the case of a particle, where the geodetic motion is parameterized 
by ( |2.21| ). In the case m = 1, we can solve the constraints ( |2.22| ) by choosing the following 
parameterization 

Cq = —=(ch\icosa, —chXisina, —shXicosP, sh\isinj3) 
v A 



cf = —=(ch\2sina,ch\2Cosa,—sh\2sinj3,—sh\2Cos/3). (3.1) 
VA 



Then, we can recast the equations of motion ( 2.21| ) in the following form where the time 



evolution has been eliminated, by using the parameterization ( |3.1| ): 

X z e i<3 + X z e~ il3 + thX^X'e^ + ZV iQ ) = 

xv /3 _ x z e ~ i/3 + t/iA 2 (XV Q - ZV iQ ) = 0. (3.2) 
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These equations generalize the well known free motion on the plane, characterized by the 
equation Z = VT. 

When a source has mass, its geodetic motion, described by (|3.2|), is followed by a general- 
ized deficit angle or conical cut which can be obtained by looking at the static cone, defined 
in the ^^-coordinates by the cut Xq — > e -i™p. x^, in a different coordinate system, related 
by a SO(2, 2) linear transformation to the X\ one: 

X l Q+ = chiX^Xl + s/i(Ai)X* 
Xl_ = ch(X 2 )X t _ + sh(X 2 )X z _ 
Xq+ = c/i(Ai)X; + sA(Ai)X* 

X z _ = ch(X 2 )X z _ + sh(X 2 )Xt, (3.3) 
where we have defined the following combinations: 

X l ± = X l e ia ± ZV ia , X z ± = X z e if3 ± XV i/3 

X* ± = X l e ta ° ±%e- ia \ X z ± = X z e if3 ° ±X z e- i P° . (3.4) 

Therefore we obtain as definition of the cut corresponding to the geodesic motion ( |3.2| ). 
for arbitrary constants of motion (a, (3, Ai, A2), the following linear transformation 

X\ — > (ch 2 X 1 - cos2ix{i sh 2 Xx)X t + + shXichXi(l - cos2tth)XI 

+ isin27i [ishXishX 2 X i i + isirCl-n \ishX\chX 2 X z _ 

X l _ -> (ch 2 X 2 - cos2vr/i s/i 2 A 2 )Xi + shX 2 chX 2 (l - cos2ti^l)X z _ 

+ isin2ir^i chXishX 2 Xl + isin2irfi shXishX 2 X l + 

X\ -> (ch 2 X 1 cos2n/j, - sh 2 X 1 )Xl + shX 1 chX 1 (cos2TTfi - l)Xl 

— isin2iifi chX\chX 2 X z _ — isin2nfi chXishX 2 X l _ 

X z -> (ch 2 X 2 cos2n/j, - sh 2 X 2 )Xl + shX 2 chX 2 (cos2n[i - l)Xt 

— isin2TTfichXichX 2 X^_ — isin2irfishXichX 2 X t h . (3-5) 

A more convenient way to write these monodromy conditions is to apply the bispinorial 
formalism, adapted to the group SO(2, 2) ~ SU(1, 1) ® SU(1, 1). It is not difficult to show 
that the transformation 

(£?)-U (3 ' 6) 
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is a transformation of 5*0(2, 2). 

For a spinless particle, whose static cut 

can be decomposed as A% = A 2 = e~ ln>1 , in general the cut can be defined by the invariant 
conditions 

A 1 + A 1 = A 2 + A 2 = 2cosvr/i, (3.8) 

that can be solved in such a way to reproduce exactly the Lorentz transformation ( |3.5| ) 
applying the law ( ^6|) : 



A\ = cosiTfi — ich{X\ — \ 2 )simrn 
B l = -te- i{a+l3) sh(X 1 - \ 2 )simrn 
A 2 = cosnfi + ich(Xi + \ 2 )siniin 

B 2 = -ie i(fX -®ah(\i + X 2 )sinirfi. (3.9) 
For a spinning particle, whose static cut 

X l. ^ g2«7r\/Ar_ j^t 

can be decomposed as A\ = _ e J7r v / A(r++r_) an( ^ ^ _ _ e «7r V / A(r + -r_) ^ ^ e g enera ] cu ^ can 
be defined by the invariant conditions 

A x + ~A~i = 2cosn(l - VX(r + + r_)) A 2 + A 2 = 2costt(1 - VX(r+ - r_)), (3.11) 

that can be solved similarly to eq. (p.9|): 

Ai = cos7r(l — V / A(r + + r_)) + ich{\\ — \ 2 )sinnVA(r + + r_) 

Bi = -ie" i(a+/3) s/i(Ai - A 2 )sm7rVA(r + + r_) 

= cos7r(l — vA(r_t_ — r_)) — ich{\\ + A2)sm7rV / A(r + — r_) 

£ 2 = -ie i(a_/J) s/i(Ai+A a )sin7r>/A(r + -r_). (3.12) 

In the case of hyperbolic monodromies, the general invariants relations ( p. 11] ), defining 
implicitly two masses, must be substituted with analogous relations, defining instead two 
rapidities. For example, in the case of a spinning black hole, whose static cut 

X° ± X 2 ^e ±WXr +(X°±X 2 ) 

X 1 ± X 3 ^ e T2wVXr - (X 1 ± X 3 ) (3.13) 
9 



can be obtained with the position 

A\ = chnVA(r + + r_) A 2 = chnVA(r + — r_) 

Bi = s/i7r\/A(r + + r_) £ 2 = s/wr\/A(r + - r_), (3.14) 

the general cut can be introduced with the condition: 

A 1 +A 1 = 2chir\/A(r + + r_) 

A 2 +Z 2 = 2c/i7rVX(r + - r_) (3.15) 

and it is enough to choose the following parameterization: 

A\ = c/i7rV / A(r + + r_) — ish(Xi — A 2 )s/i7rV / A(r + + r_) 

Bi = e- i(Q+/3) c/i(A 1 -A 2 )s/ivrv / A(r + + r_) 

A 2 = c/i7rV / A(r + — r_) + ish(\\ + A 2 )s/i7rV / A(r + — r_) 

£ 2 = e i(a - /3) c/i(A 1 + A 2 )s/i7rv / A(r+ - r_). (3.16) 

Now we can ask ourself what is the solution of the two-body problem in global terms. 
The result of the composition of two monodromies, in the case of particles, is of course of 
the type: 

' X* X' z \ ( X 1 X z \ , 

_« j = M L j M R , (3.17) 

where to the Ml, Mr matrices it is possible to associate the corresponding invariant masses 



pL _ pL 

cosI'kM.l) = cosiii Hi)cos(-k IJL2) —sin(iini)sin(ir[i2) 

pR . pR 

cosI'kM.r) = cos i/Kiix) cos (/KII2) — sin(7r//i)sm(7rLt 2 ) (3.18) 

mim 2 

and we have defined the following vectors, constants of motion: 



P, L = m l7l L (Mf) 7l L = ch(X 1 - A 2 ) 7M = e<°*®sh{\ x - A 2 ) 

pR = m l7l R (l,<) 7* = c/i(Ai + A 2 ) 7l V = e- i ( Q -^s/i(A 1 + A 2 ). (3.19) 

For generic values of the constants of motions, the left-invariant mass M. l will be differ- 
ent from the right-invariant mass M.r and therefore the composed system has spin, other 
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than invariant mass. In fact, by comparing the cut of two-body with that of a spinning 



particle we obtain that the total mass n to t and J are defined by solving the conditions 

,2 . jn , rr, xx2 



;i - VX(r + + r_)f = M 2 L and (1 - y/A(r+ - r_)f = M] 



An analogous remark can in principle be made for the composition of hyperbolic mon- 
odromies, describing the scattering of BTZ black holes, however we have no control that 
such a solution exists, free of some fancy extra singularity, while in the particle case at least 
in the limit A -> a physically acceptable solution is known. To approach the question of 
the solution for the scattering of black holes we believe that one has to learn how to give an 
intrinsic, coordinate independent, meaning to the horizons. 

To make these monodromies more explicit, we are going to solve the constraint X Xa = 
with a parameterization which carries spinorial representations of each 577(1, 1): 

^ A 1 f + B } ^ fo + ft 

BJ + A 1 B 2 g + A 2 



Let us choose the following parameterization: 

X 1 X" 



x z x l 




g). (3.21) 



The condition of the constraint ( |1 . 1| ) implies that 



A 

The condition of representing the monodromies implies that: 



h\\l-ff)(l-gg) = \ (3.22) 



h v /d z fd J g = H(z,z,t), (3.23) 
where if is a field, invariant under SU(1, 1) <8> SU(1, 1), which can be chosen as 

e- iT (d z fdjd z gdg) k 
= rr i I 3 - 24 ) 

where we have added an extra phase, the Minkowskian time T, which can play the role of 
introducing an explicit time evolution of the X A -mapping. 

We end up with the following solution 



X* X? \ 1 ( d z gdzf y e~* T I fg f 

X* j y/KWdtf) Jn-ff ){ l-gg) \ 9 1 



+ 
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1 fdjdzgy 



+ — = 2 1 . (3.25) 



y/(l-ff)(l-gg) 




The analogous case of the static solution of (2+l)-gravity is obtained by choosing the con- 
stants of motion to be M. L = Mr, therefore f = g = Z and in this case the parameterization 
( ggg ) reduces to ( in the notation X A = (X°, X 1 , X z , X*) 



,rA 1 f nn 1 + ZZ nn nn 2 ^ ^ 2Z \ 

X = —= cosT =, smT, cosT =, cosT = 

v^l 1-ZZ 1-ZZ 1-ZZj 



(3.26) 



A similar mapping has already been introduced in [17]] 



Let us first discuss the parameterization (|3.26|) in the case of one body. To make contact 



with the non-perturbative iV-body solution of (2 + l)-gravity 0, it is convenient to introduce 
the spatial conformal gauge g zz = 0, which is obtained by (|2.2|) with a radial mapping 



" N (3.27) 



4 ' 



Then the X^-mapping ( |2.2j ) becomes 



1 1 -L 4 r 2(l-M) r - 
VAl- A r 2(l- M ) 



z i-n 



x ' = t.MM ' (3 ' 28) 

x 4 ' 



and in the variables T, Z can be rewritten as : 



sinT 



1 4. A r 2(l-jt) 
^4 

x 4 ' 



VA(1 - a*)*) 



vT 




1 - a 2 y 16 



(3.29) 



So we can understand how it is difficult to extend such a mapping in the iV-body problem. 
The polydromic part only a small piece of the complete solution. Instead in the 

case of the N-body solution of (2 + 1) gravity the polydromic part is enough to 

solve completely the fields. This involution of the solution is also to be expected because 
there is no iV-body static solution. The introduction of an explicit scale parameter allows a 
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static Newtonian force between point sources. We will show afterwards that a pure analytic 
solution to the mapping problem X A ( 3.26|) is not physically consistent. 



Moreover there are other problems. In the conformal gauge, there is a physical limit in 
which the spatial slice of the universe ends, which is visible in the X A coordinates, since the 
values of some ^^-coordinates diverges there, but it is not related to the apparent singularity 
of the parameterization ( |3.26|) at the particular value \Z\ = 1, because cosT vanishes also. 



Therefore apart from the incidental physical limit on the values of the spatial coordinates, 
depending on the gauge choice, there is another artificial limit on the spatial coordinates, 
because the parameterization fl3.26| ) cannot globally extended, but it has to substituted with 
another one outside its domain of validity. 



For more than one body, we must solve the monodromy conditions 

„ a\Z + b\ diZ + b{ 



(3.30) 



b\Z + a\ biZ + Hi 

that maintain the constraint \Z\ = 1, which defines a well defined closed line in the plane. 
However this line is purely artificial, since the solution can be continued across it towards 
the true edge of the spatial slice of the universe. 

As in the one-body case, we are convinced that it is not useful to solve these monodromy 
conditions analytically. Let us suppose to define a gauge choice such that Z = Z(z, has 
cuts as defined in eq. (|3.30|) . Then the geodesies equations of motions for the particles 



which imply that the values of the Z-mapping coincide at the particle sites with the fixed 
points of the Z-monodromy, are, in the case of an analytic solution, automatically satisfied 
for an arbitrary motion and one is tempted to conclude that the dynamics is completely 
arbitrary against any physical intuition and the correspondence with the geodesic limit. 

In the case of (2 + 1) gravity, the dynamics was defined not only by the equations of 
motion but also by the choice of the boundary conditions of the fields at infinity. In the 
case of the cosmological constant, the choice of the boundary conditions is a harder problem 
because the fields do not vanish at infinity. Our proposal is to choose a physical gauge, like 
the one introduced in ||, and require that in the limit A — > one recovers the A-body 
solution of (2 + l)-gravity, which automatically imposes some boundary conditions. Then 
one can consistently check that the spatial field equation for Z = Z(z, z, t) is explicitly time- 
dependent, and that this property is enough to produce non-trivial solutions to the geodesic 
equations. Detailed analysis will be presented in a future work. 
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A Appendix 

In this appendix we show the equivalence between our method of solving the geodesies 
equation and the traditional method of integrate them. In particular the main point is to 
rearrange the first order constants of motion cf in terms of the angular momentum L and 
the energy E, by using the following relations: 



VX(x° ± x 2 ) = 



^•2 ^,2 



j ±G- cos(t - r ) + y § =F G- sin(r - 
(G_±F_(t-t )) 



To 



\/T 2 — r r 



± 



F 2 ° chir — tq) ± J F £ sh(r 



%TG + cos(t-t ) + yJ%±G-i 



To 



sin(r — To) 



if m = 1 

if m = 0, A 

if m = — 1 



fen = 



fci = 



r+ — r 



G- 



■c/i(t - T ) =F 



F++C 



ih{r - 



if 
if 

if 



m = 1 

m = 0, A f 



m 



r\ — rt < 



JTgZ (c0cosr + 4sinr )-^GZ (c°cosr - c°sinT ) 



#(c? + c?) 



G_ 



F ^ C (cQc/j-To + Cishr ) + \J F 2 c (c1chr + c[]s/ito) 



r 2 _ r 2 < 



G+ 



^ + G4 



(c];costo — CqSititq) — v/ § — G + (cIcostq + c\siriT ] 



G+ 



F+ 2° (clctlTQ + C^s/iTo) - ^/ F+ 2 C ' (c|c/lTo + cJs/iT ) 



-1 

if m 

if m 

if m 

if m 

if m 

if m 



The definition of To, depending on m, is implicit in the matching with eq. Q2.26Q . In the 
derivation of eq. (|A.1[) we have used the fact that these formulas must be compatible with 
equations (ggg) and ( ggg ). 
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